The Cauchy problem for a quasi-linear parabolic equation with a small parameter multiplying a higher derivative is considered in two cases when the solution of the limit problem has a point of gradient catastrophe. Asymptotic solutions are found by using the Cole-Hopf transform. The integrals determining the asymptotic solutions correspond to the Lagrange singularities of type A and the boundary singularities of type B. The behavior of the asymptotic solutions is described in terms of the weighted Sobolev spaces.
Introduction
Consider the Cauchy problem for a quasi-linear parabolic equation with a small parameter ε > 0 in such cases that the solution of the limit problem (for ε = 0) has a point of gradient catastrophe. The interest of studying the behavior of solutions near singular points is explained, in particular, by the fact that such singular events themselves occupy very small time, however, in many respects determining all subsequent behavior of the system. The asymptotic behavior of solutions in neighborhoods of singular points is directly connected with constructing an approximation in neighborhoods of shock waves in physical media with a small nonzero viscosity. Although the types of singular points of solutions are classified in detail [1, ch. 2] and processes of the shock waves formation are studied [2] , constructing asymptotic series in the small viscosity parameter ε for an equation of the general form (0.1) is a separate problem in every specific case. First substantial results for several types of singularities, including the Whitney fold singularity A 3 , were obtained by A. M. Il'in [3, ch. VI], who constructed a complete asymptotics and derived a universal solution near the fold singularity; see formulas (1.1)-(1.2) in the next section.
In the present paper, the statements about asymptotic solutions of the preliminary notice [4] for Lagrange singularities of types A 2n+1 and boundary singularities of types B 2n+1 with any n 2 are proved.
Fold singularity
In Il'in's pioneer paper [5] , problem (0.1)-(0.2) was first studied in the case when in the strip {t 0 t T, x ∈ R} the solution of the limit problem is a function which is smooth everywhere except for one smooth line of jump discontinuity x = s(t), t t * . It is supposed that ϕ ∈ C ∞ (R), ϕ ′′ (u) > 0, ϕ(0) = ϕ ′ (0) = 0, and t 0 = −1. For an appropriate choice of the bounded initial function q ∈ C ∞ (R), the singular point (s(t * ), t * ) coincides with the origin and in its neighborhood the stretched variables ξ = ε −3/4 x and τ = ε −1/2 t are introduced. An asymptotic expansion of the solution was obtained in the form of the series
Observe properties of the leading term of the expansion ε 1/4 w 1,0 (ξ, τ ). The coefficient w 1,0 (ξ, τ ) is found using the Cole-Hopf transform
The argument of the exponent is a generating family of the Lagrange singularity A 3 , see [1, 6] .
Theorem 1. The function w 1,0 satisfies the asymptotic relations P r o o f of the theorem is based on the calculation of the asymptotics of the integral Λ(ξ, τ ) by Laplace's method. In the domain Ω 1 , see Figure 1 , the essential contribution into the asymptotics is given by one local maximum and in the domain Ω 2 by two local maxima; see Theorem 4.1 and Lemma 6.1 in [3, ch. VI].
Il'in investigated the problem under condition that
Now consider the following condition
Let us clear out scales of the inner variables, which are introduced using the change
Since all terms in equation (0.1) should be of the same order, we obtain the relations
From the characteristic equation x = y + (t + 1)ϕ ′ (q(y)) with y ∈ R being an arbitrary parameter and condition (1.3) we have x ≈ −yt − y 2n+1 , whence by change (1.4) and the relation u ∼ −y, we obtain σ = κ + µ = (2n + 1)κ. From these equalities and relations (1.5) we find
Since u = O(ε 1/(2n+2) ), equation (0.1) becomes the Burgers equation, whose solution can be written in the form of the Cole-Hopf transform. Moreover, the coefficient at s 2n+2 is determined from the condition of matching the inner asymptotics and the outer expansion
To give some description of the behavior of asymptotic solutions, we will use the weighted Sobolev spaces W m p,q (R) with the norm
and also the proposed in [7] approach to the definition of an asymptotic solution of an evolutionary differential equation.
is an asymptotic solution of equation (0.1) in the following sense:
(1.10)
P r o o f. Formula (1.9) implies that the function V (x, t, ε) satisfies the heat equation
it follows that function (1.8) is the exact solution of the Burgers equation:
since u in has the form of the Cole-Hopf transform (it can also be established by direct substitition). Then using Taylor's formula ϕ ′ (u) = ϕ ′′ (0)u+O(u 2 ), u → 0, we easily obtain the following estimate:
It is also elementary checked that
in terms of the inner variables η = x ε σ and θ = t ε µ , where the functional factors of the powers of ε have a finite order in the domain Ω ε , since
Then estimate (1.11) becomes
and, taking into account that 1−µ−σ = 2−3σ by (1.6), we find the exact order ε 2−3σ of derivatives entering into the denominator in formula (1.10). Thus, we obtain the necessary estimate in the right-hand side of (1.10), since 1 − σ = κ by (1.6). Further, differentiating (1.8) with respect to x and passing to the inner variable η, we derive the relation
with some constant coefficients a m 0 ...m l . Using Laplace's method for the integral V (x, t, ε), we write the equation 4 n (S(η, θ)) 2n+1 − θS(η, θ) + 1 2 η = 0, for critical points by equating the derivative of the argument of the exponent in (1.9) to zero and taking into account the change of variables (1.4). For θ = const, as η → −∞ we obviously obtain a unique critical point s = S(η, θ) > 0, while as η → +∞ we obtain a unique critical point s = S(η, θ) < 0. Then according to the standard formula [8, ch. II, sect. 2.4], we find the following asymptotics:
Since in the domain Ω ε the inner variables η, θ are finite and the function V (together with its derivatives) does not depend on ε in the leading order, by the definition (1.7) of the norm in the weighted Sobolev spaces W m p,q (R), the above relations imply the asymptotic equivalence u in (·, t, ε) W m p,q (R) ∼ ε −m as ε → +0 for any p, q, and m satisfying the inequality (m + 1)p < (2n + 1)(q − 1). Theorem 2 is proved.
Transition of a weak discontinuity into a strong one
In papers [9, 10] the solution of problem (0.1)-(0.2) is studied in the case when the initial function is smooth everywhere except for one point, at which it is continuous and has a jump discontinuity of the first derivative:
where a > 0, g 1 ∈ C ∞ (R), g 1 (x) = 0 in some neighborhood of zero, Θ denotes the Heaviside function. Then ϕ ′ (q(x)) = −(x + bx 2 ) Θ(−x) (1 + g 2 (x)), where b = a − ϕ ′′′ (0)/2 > 0, and such a weak discontinuity in the limit problem propagates a finite time along a characteristic, and then turns into a shock wave.
In a neighborhood of the singular point (x = 0, t = 0) we introduce the stretched inner variables
The asymptotics of the solution has the form of the series
The leading term of the expansion ε 1/3 w 2,0 (ξ, τ ) is found using the Cole-Hopf transform (under the assumption that ϕ ′′ (0) = 1)
The argument of the exponent corresponds to a versal deformation for the boundary singularity B 3 , whose general form is s 3 + λ 1 s 2 + λ 2 s + λ 3 , see [11] , however, the factor e λ 3 does not play a role in this case due to the form of the Cole-Hopf transform.
To describe the behavior of the functions w p,s (ξ, τ ) as ξ 2 + τ 2 → ∞, in the plane of independent variables the following overlapping domains are introduced:
where 0 < γ < 1/2, parameters α and ν are chosen so that 0 < ν < α < (1 − 2γ)/(1 − γ) < 1. Then the union X + ∪ X 0 ∪ X − ∪ X s is a neighborhood of infinity in R 2 , see Figure 2 .
Note that the domain X s contains the parabola 16bξ − 3τ 2 = 0, where the inner local maximum of the integrand in the right-hand side of (2.1) equals the boundary maximum. In each of these four domains the functions w p,s (ξ, τ ) have specific asymptotic behavior; corresponding series for the leading term w 2,0 (ξ, τ ) are given: in the domain X 0 by [10, Theorem 1], in the domain X − by [10, Theorem 3] , in the domain X s by [10, Theorem 4] , in the domain X + by [10, Theorem 5] . Now, let us consider the following case, where the initial function is such that
From the characteristic equation x = y + (t + 1)ϕ ′ (q(y)) with y being a negative parameter and the relation u ∼ −y we have x ≈ −yt − by 2n . Making a new change of variables (1.4), we obtain the equalities σ = κ + µ = 2nκ. Taking into account relations (1.5), we find Fig. 2 . Domains X + , X 0 , X − , and X s .
By analogy with Theorem 2 we obtain the following result. Then, using the relation ϕ ′ (u) = u + O(u 2 ), u → 0, we easily obtain the following estimate:
in terms of the inner variable η = x/ε σ and θ = t/ε µ , where the functional factors of the powers of ε have a finite order in the domain Ω ′ ε , since |xε −κ | + |t| = |ηε σ−κ | + |θε µ | = ε µ (|η| + |θ|). Then, estimate (2.6) becomes ∂u as ∂t + ∂ϕ(u as ) ∂x − ε ∂ 2 u as ∂x 2 = O(ε 3−4σ ), ε → +0, and, taking into account that 1 − µ − σ = 2 − 3σ by (2.2), we find the exact order ε 2−3σ of derivatives entering into the denominator in formula (2.5). Thus, we obtain the necessary estimate in the right-hand side of (2.5), since 1 − σ = κ by (2.2). The estimate of the weighted norm u as (·, t, ε) W m p,q (R) ∼ ε −m as ε → +0 is obtained almost exactly in the same way as in the proof of Theorem 2.
In conclusion, it should be said that by using a priori estimates of solutions of the parabolic equation (0.1) one can prove that the asymptotic solutions defined by formulas (1.8), (1.9) and (2.3), (2.4) are close to some exact solutions; however, such a proof needs uniform formal asymptotic solutions of equation (0.1) in a whole strip {t 0 t T, x ∈ R} containing a singular point to be constructed.
